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Università di Roma “La Sapienza”

00183 Roma, Italia

Email: giovanni.gallavotti@roma1.infn.it

ABSTRACT

In the last decades new ideas have arisen in ther-

modynamics as a consequence of the advances in the

applications of dynamical systems theory and results

to evolution of macroscopic systems. A key question is

whether it is possible to extend the domain of thermo-

dynamics from a general thoery of relations between

equilibrium states to the much more general analysis

of relations and properties of stationary states arising

under steady forcing of mechanical systems in contact

with heat reservoirs. The familiar description of equi-

librium via probability distributions (like the micro-

canonical ensemble) which predicts relations between

observables extending the ones of classical thermody-

namics has been widely extended and under general

assumptions an extension of the theory of ensembles

has been proposed. The new theory contains classic

thermodynamics, as derived from statistical mechan-

ics, as a special case: it relies on “chaos” and raises

important questions that are still debated: is there a

suitable extension of the “entropy”, are there univer-

sal relations that can be theoretically predicted?

INTRODUCTION: Equilibrium

Personne n’ignore que la chaleur peut être la

cause du mouvement, qu’elle possède même une

grande puissance motrice: les machines à vapeur, au-

jourd’hui si répandues, en sont une preuve parlant à

tous les yeux.

Equilibrium thermodynamics was born in the

early 1800’s. On the basis of the experimental results

on the properties of rarefied gases (like the Boyle-

Mariotte law) Carnot develops, [1], his theorem on the

ideal efficiency of machines operating by extracting or

damping heat in two reservoirs and converting it into

work. His long, very careful and detailed, analysis is

presented after a brief introduction (10 pages), start-

ing with the above words, in which present and future

usefulness and importance of the vapor machines is

enthusiastically (and optimistically) outlined (1824).

The theorem shows that the most efficient ma-

chines must operate running in a reversible cycle in

which the vapor (of water, air, alcohol or other gases)

evolves through a sequence P of equilibrium states;1

1Reversible transformations were essential in Carnot’s analy-

sis, and he carefully insists to make clear the subtle argument that

permits to avoid regarding their definition, requiring for instance
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and this remains true even if the vapor is replaced by

a liquid or a solid.

It is an example of what today we call a “universal

law”, i.e. a law that applies to a very large class of sys-

tems isolating, among their properties, a few that they

all verify in a quantitative form without adjustable pa-

rameters.

An immediate consequence is the possibility of

defining the absolute temperature of a heat reservoir:

it is simply defined in terms of the maximum effi-

ciency of a machine operating between the reservoir

of interest and a fixed reservoir to which a conven-

tional temperature value is attributed.2

A few years later Krönig, [2], established the pro-

portionality of the absolute temperature to the aver-

age kinetic energy and Clausius, [3], wrote the first of

the works leading to entropy, 1850, whose existence

constitutes the second law of thermodynamics and is

implied by Carnot’s theorem.

The meaning of the word “entropy” was explained

by Clausius himself [4, p.390]:

“I propose to name the quantity S the entropy of the

system, after the Greek word � trop  “the transforma-

tion”, [in German, Verwandlung]. I have deliberately

chosen the word entropy to be as similar as possible

to the word energy: the two quantities to be named by

these words are so closely related in physical signifi-

cance that a certain similarity in their names appears

to be appropriate.”

The notion of entropy became quickly fundamen-

tal for the theory and applications of equilibrium ther-

modynamics and almost identified with it: soon it was

accompanied by the question of which would be its

definition in terms of the atomistic representation of

a difference in temperature which “can be considered as vanish-

ing”, an oxymoron: “À la vérité, les choses ne peuvent pas se

passer rigoureusement comme nons l’avons supposé ..., [1, p.13-

14].
2e.g. if the reservoir is water at its triple point then in

the Kelvin scale the absolute temperature is fixed to be T0 =
273.16oK. The temperature T1 of another reservoir at higher tem-

perature (say) is then given, in principle, by running a reversible

machine between the two reservoirs and deriving T1 so that the

efficiency is 1− T0
T1

.

matter.

And in 1866 Boltzmann, [5], proposed to link it to

the purely mechanical Maupertuis’s Action Principle,

imagining that atoms were moving on periodic orbits

spanning all phase space points compatible with the

mechanical conservation laws.3

This was a first attempt towards the formulation of

the ergodic hypothesis and two years later, [8], led to

the description of the statistical properties of a system

in equilibrium via what are now called microanoni-

cal and canonical ensembles. The consequences de-

veloped by Boltzmann in 1868 were recognized by

Maxwell (1879) who commented them [9],4 and by

Gibbs, [10].

Entropy SA is defined for every equilibrium state

A of a given system and is useful to establish the bal-

ance between heat exchanged by a system with the

surrounding thermostats5 and work performed on the

surrounding mechanical devices.

A key property is that if a transformation through

a “path” P of successive equilibrium states is re-

versible and leads from an equilibrium state A to an

equilibrium state B then the the entropy variation is

SB − SA =
∫
P

dQ
T

, if dQ is the amount of heat that

the system receives while in contact with a heat reser-

voir at absolute temperature T , whatever the reversible

path P is. This allows to set the value of the entropy

of a generic equilibrium state, determining it up to an

additive constant.

However entropy is important also in irreversible

processes I : it was established by Clausius that in

such a process SB −SA ≥
∫
I

dQ
T

, where T is the abso-

lute temperature of the reservoir from which the sys-

tem receives the amount dQ of heat.

In particular if the transformation A → A is along

an irreversible path I it is
∮
I

dQ
T

≤ 0. Also if I is

an irreversible adiabatic path (i.e. a sequence of trans-

3The idea was again proposed four years later by Clausius,

[6, 7].
4Interestingly without even mentioning the H-theorem, dis-

covered in the meantime by Boltzmann.
5i.e. large bodies whose temperature and volume variations

are neglegible during the observation time
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formations with no heat exchange) it cannot lead from

A to A, and necessarily leads from A to a state B with

larger entropy.

If a system evolves first from a state A to B at con-

stant temperature T2 receiving a quantity of heat Q2,

then evolves adiabatically from B to B′ at temperature

T1, then to A′ at the temperature T1 ejecting a quantity

of heat Q1 and then adiabatically back to A it will be

Q2

T2
−

Q1

T1
≤ 0, which means :

Q2 −Q1

Q2
≤

T2 −T1

T2

Since Q2 −Q1 must be, by energy conservation, the

work performed by the system in the cycle, the in-

equality means that the efficiency in the transforma-

tion of heat into work cannot exceed T2−T1
T2

, and it

can equal it if the cycle is a reversible path: which

is Carnot’s theorem formulated in terms of Clausius’

entropy properties.

The continuous use of the second law, hence of

Carnot’s theorem, led to a long debate on the er-

godic hypothesis, on entropy, and on the resolution of

the antimony between reversible microscopic dynam-

ics and irreversible macroscopic evolutions, which in

some respects is still going on.

Microscopic stationarity

In recent times there has been a widespread inter-

est in extending Thermodynamics to a theory dealing

with stationary states: these are states of systems on

which steady non-conservative forces may act, keep-

ing currents flowing through the systems: and currents

can be of various kinds like transporting matter, heat,

electric charge, ...

The stationary states are a natural generalization

of the equilibrium states (which are very special cases

of stationary states) and, of course, a main question is

whether general, system independent, properties can

be assigned to such states and be useful in studying

their properties.

To understand the recent developments it is essen-

tial to keep in mind that the study of a physical system

starts from an initial datum X where X is a point in

“phase space” F , often determined by the 6N coor-

dinates of the N molecules or atoms. And the point X

is generated via suitable experimental devices (it has

become common to say “following a prefixed proto-

col”) and is a random set of coordinates, because of

the many unavoidable uncontrolled actions influenc-

ing the devices.

The probability of selecting the initial datum X in

F is essentially always unknown, but it is assumed

to have a density: which means that there is a func-

tion ρ(X) such that ρ(X)dX is the probability that, re-

peating the experiment many times, the datum X falls

in the volume element dX . Such a probability dis-

tribution is commonly called “absolutely continuous”

(with respect to the volume).

Here attention will be devoted to data X generated

randomly with“absolutely continuous” distribution. It

will be seen that the assumption of existence, behind

the protocol of the observation, of an unknown but

absolutely continuous probability distribution for the

initial data generation is far from obvious and in the

end it turns out to be a far reaching physical law, that

could be called law of “initial chaos”.

Given the initial data X , the system will evolve de-

scribing in time a trajectory denoted t → StX = X(t).
In theoretical studies the evolution X(t) will be sup-

posed to be defined by a solution X(t) of a differential

equations Ẋ = F(X).
The interaction with the thermostats is influential

and cannot be ignored. This means that the evolu-

tion equations must involve the interaction with the

surroundings: which is a difficulty because it leads,

eventually, to consider infinite systems.6

The same difficulty is met even in equilibrium

when it is imagined that the temperature is fixed via

the contact with a single thermostat.7

6i.e. interaction with the surroundings which interact also

with their own surroundings, which interact with their own sur-

roundings, ....
7In this respect Boltzmann in his 1868 paper shewed that in

a very large system in a microcanonical equilibrium a finite vol-

ume subsystem behaves as if in contact with a reservoir with a
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The difficulty is bypassed, in theoretical studies,

by using dynamical models involving finitely many

particles obeying equations of motion in which are in-

troduced phenomenological forces (typically propor-

tional to currents, circulating in the system, via “trans-

port coefficients”). Such forces model dissipative ef-

fects controlling the actions of the non conservative

forces or act by imposing suitable constraints for the

same purpose. This gives rise to models which involve

forces that are believed to be physically equivalent to

more physical infinite thermostats but contain finitely

many particles, [11, 12].

Given the equations of motion, an initial datum X

will evolve into X(t), reaching a stationary state.

Stationarity is in the sense that the observables

will fluctuate in time but will have well defined time

independent “statistics”, i.e. distribution of fluctua-

tions around well defined time averages; and for quite

a few observables even their values will be essen-

tially constant in time (no need to average them) if

the system is large (i.e. it consists of a large number

of molecules).

In particular, from a microscopic viewpoint, the

phase point representing at time t the microscopic

state StX of the system started in the configuration X ,

will spend a fraction of the total observation time ϑ
visiting, in the limit ϑ → ∞, any chosen open set8 ∆
with a well defined frequency P0(∆).

Therefore imagining phase space divided into

small regions {∆i}i=1,...,N the frequencies of visit

P0(∆i) will determine the average values of all observ-

ables O whose variation in each of the ∆i is negligible,

so that their values can be denoted O(∆i): their time

average will be 〈O〉= ∑i O(∆i)P0(∆i).
Of course the size of the sets ∆i must be adapted to

the observables that are studied: therefore the choice

of the ∆i can be regarded as a choice of a “coarse

graining” of phase space.

The frequencies P0(∆i) will arise from a probabil-

ity distribution P0 on F invariant with respect to the

evolution: in the sense that if X evolves in time τ into

temperature fixed and is described by a canonical ensemble.
8Hence any closed, or just “measurable”, set in F .

SτX then any (reasonable, e.g. open) set ∆ evolves into

some Sτ∆ and the two sets are visited with the same

frequency P0(∆) = P0(Sτ∆).
A fundamental theorem, by Sinai in its sim-

plest form, states that if the motion of the system is

“chaotic”, as is the case for virtually all systems ulti-

mately constituted by atoms, then the probability is 1

that a protocol, of the above mentioned kind for ob-

taining the initial datum X , generates a motion StX

which visits the sets ∆ in phase space with well de-

fined frequency P0(∆), [13–17].

Theorem: there is a unique probability distribution P0

(called “SRB distribution”) determining the frequen-

cies P0(∆) and therefore the statistical properties of

the motion. Furthermore:

(a) the frequencies P0(∆) are independent on the pro-

tocol generating X, provided it generates random X’s

with an absolutely continuous distribution,

(b) and given the protocol the frequencies are X-

independent with probability 1,

(c) and if there is one invariant distribution which is

absolutely continuous then it must be P0.

The requirement, aside from the mentioned law of

initial chaos, is that the equations of motion generate

chaotic motions in a mathematically precise sense that

will be briefly called “chaotic hypothesis”, or CH, es-

sentially meaning that

Chaotic Hypothesis: any datum X evolves into StX ≡
X(t) for t > 0,

(a) never stopping (i.e. min |Ẋ |> 0) and,

(b) after a transient time t0, an observer following

StX = X(t) and oriented as Ẋ(t) will see X(t) as a

hyperbolic fixed point, i.e. as a saddle point, and

(c) data X ∈ ρA evolve so that StX covers densely a

smooth surface ρA (“attracting set”).

The theorem applies to any system with this prop-

erty, whether isolated (as in studying equilibrium) or

in contact with external thermostats and under action

of non conservative forces (as in general stationary

states).9

9The requirement that the attracting set is a smooth surface

can be weakened replacing “smooth” with “closed”: in the first

case the motion on ρA is a “Anosov system” while in the second
4 Copyright © 2020 by ASME



The result eliminates an essential difficulty. Leav-

ing aside the need to adapt the cells ∆i to the observ-

ables selected for analysis, if the equations of motion

generate chaotic motions10 then there are, as a mathe-

matical theorem, many (actually infinitely many) sta-

tionary probability distributions P 6= P0 that are invari-

ant: i.e. in the cases covered by the above theorem

there are data which visit the sets ∆ with frequencies

P(∆) different from P0(∆), i.e. different from the SRB

distribution.

Hence, without applying the theorem, requiring

stationarity does not provide a recipe to determine the

statistical properties of the motion.11

The theorem allows to select unambiguously

which is the distribution that determines the statistics

P0 observed in a given case, hence which is the phys-

ically important statistics associated with the equa-

tions of motion: it is valid both in equilibrium cases

and in nonequilibrium ones.

Of course this implies accepting as a physical law

that any protocol generating the system initial con-

figurations X is “absolutely continuous” and, further-

more, the evolution of such X ’s is chaotic (leaving

aside evident exceptions): this law (proposed by Ru-

elle, [18, 19], together with its main implications),

cannot be proved and it has to be accepted as a law

of Physics.

The (idealized)12 case of isolated systems, i.e.

the equilibrium cases for systems obeying Hamilto-

nian equations of motion with a fixed energy, have

the property that one, P0, among the many station-

ary distributions compatible with the constraints (usu-

ally just with a fixed value of the energy), is such

that P0(∆) can be expressed simply as an integral over

phase space P0(∆)≡
∫

∆ ρ0(X)dX of a density function

it satisfies “Axiom A”, [18].
10As it is the case apart from very few remarkable exceptions,

like the arrays of elastic oscillators with interactions linear in the

relative distances.
11In equilibrium the ergodic hypothesis, for instance, has to be

added to select the microcanonical ensemble distributions as the

ones describing the statistics of the motions.
12Because it is only possible to contemplate a protocol that

generates initial data constrained to have a prefixed energy

ρ0(X), which exists as a consequence of Liouville’s

theorem.13

Hence P0, under the chaotic hypothesis, deter-

mines the statistical properties of the motions X . It

can be said that isolated systems not only conserve

the total energy but also admit an invariant absolutely

continuous way of measuring the phase space ele-

ments of the energy surface (here invariant means that

P0(∆) = P0(St∆) for all t,∆). This also shows that the

CH implies, for isolated systems, the ergodic hypoth-

esis.

In the literature several checks and applications

of the new ideas can be found: among them I quote

one the early consequence of the CH which gives a

universally valid extension to systems stationary un-

der small forcing non zero and time reversibile of the

Onsager reciprocal relations, [20]. Further extensions

have been studied for irreversibly evolving systems: I

just select a study about the Navier-Stokes equation in

2 dimensions, [21].
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